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Abstract
We consider constraints on the momentum fraction of the K and K∗ meson carried by the
strange quark that follow from exact operator identities, similar to those for the divergence of
the quark part of the QCD energy-momentum tensor. The existing QCD sum rule estimates
are reanalyzed in this context. Our conclusions essentially support the constituent quark-model
picture where the momentum fraction is roughly proportional to the constituent quark mass,
but the asymmetry turns out to be smaller compared to the naive quark model estimates. As a
byproduct of this study, we calculate the SU(3)-breaking quark-antiquark-gluon matrix elements
that determine the leading conformal spin contributions to the asymmetry in twist-four distri-
bution amplitudes of strange mesons K and K∗, and also update the estimate for the SU(3)
breaking for the quark-antiquark-gluon vacuum condensate.
PACS numbers: 12.39.Hg, 12.39.St
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I. INTRODUCTION
The SU(3) flavor symmetry breaking effects in light-cone distribution amplitudes of
light strange mesons are attracting considerable interest in the context of the QCD de-
scription of exclusive B-meson decays. In particular, such effects play an important role
in the extraction of the CKM angle γ from B → pipi, piK,KK decays [1] in the framework
of QCD factorization, see e.g. [2], and in light-cone sum rules for the semileptonic and
rare radiative B-decay form factors [3]. The question is far from being settled.
The present work is motivated by the recent study [4] which contains an update of
the QCD sum rules for the lowest moments of the distribution amplitudes (DA) of K
and K∗ mesons. Taking at face value, the sum rules derived in [4] suggest that the
strange quark carries a smaller momentum fraction of the meson compared to that of the
nonstrange (anti)quark, which is unexpected and contradicts the intuition inherited from
quark models. Inspection of the sum rules in [4] reveals that they suffer from considerable
cancellations so it is not clear whether their accuracy is sufficient to warrant this conclusion.
In this paper we suggest a complementary approach that is based on the use of operator
identities that are reminiscent of those for the divergence of the quark part of the energy-
momentum tensor.
The general idea of using such identities to get rid of cancellations of leading contribu-
tions in the sum rules belongs to A. Kolesnichenko who employed the same technique to
calculate the momentum fraction of the nucleon carried by gluons [5]. A similar approach
was advocated by M. Neubert in [6], albeit in a different context. In the present case,
the rationale is to understand the physical reasons for the cancellations observed in [4]
and derive new sum rules where the cancellations are less pronounced. Our conclusions
essentially support the constituent quark-model picture where the quark and the anti-
quark have equal velocities and hence the momentum fraction is roughly proportional to
the constituent quark mass. Numerically, however, the effect is smaller. As a byproduct
of this study, we calculate the matrix elements of quark-antiquark-gluon operators that
determine the SU(3)-breaking contributions in twist-four DAs of strange mesons, and also
reanalyze the existing estimates of the SU(3) breaking in the mixed quark-gluon vacuum
condensate.
II. LONGITUDINALLY POLARIZED K∗ MESON
As a prime example, we consider the leading-twist DA of the longitudinally polarized
K∗ meson defined as [4, 7, 8, 9, 10]
〈0|u¯(−αn) 6n s(αn)|K∗(q, λ)〉 = (e(λ) · n)fK∗mK∗
1∫
0
du e−iqnα(2u−1)φK∗(u, µ
2) . (1)
Here qµ is the meson momentum, q
2 = m2K∗, e
(λ)
µ is the polarization vector, nµ is a light-
like vector, n2 = 0, α is an arbitrary real number and a path-ordered gluon exponential is
understood between the quark fields on the l.h.s. The variable u is the momentum fraction
carried by the strange quark and µ is the factorization scale. Breaking of the SU(3) flavor
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symmetry leads to a nonvanishing first moment of the DA
〈0|u¯ 6n i
↔
D ·n s|K
∗(q, λ)〉 = (e(λ) · n)(q · n)fK∗mK∗φ
K∗
1 (2)
where Dµ = ∂µ − igAµ,
↔
D=
→
D −
←
D is the covariant derivative and we introduced the
notation φK
∗
1 for the integral
φK
∗
1 (µ) =
1∫
0
du (2u− 1)φK∗(u, µ
2) = 〈us − uu〉 . (3)
The value of φK
∗
1 provides a measure of an overall asymmetry of the quark momentum
fraction distribution. In particular φK
∗
1 > 0 corresponds to a larger momentum fraction
of K∗ carried by the strange quark, and vice versa. It is related to the often used first
Gegenbauer moment of the DA (see e.g. [4]) as
aK
∗
1 =
5
3
φK
∗
1 . (4)
As follows from (2) the first moment of the DA is given by the meson-to-vacuum matrix
element of the flavor-nonsinglet analogue of the quark part of the QCD energy momentum
tensor. We define
Oµν =
1
2
u¯γµi
↔
Dν s+
1
2
u¯γνi
↔
Dµ s−
1
4
gµν u¯ i 6
↔
D s (5)
so that
〈0|Oµν|K
∗(q, λ)〉 =
1
2
fK∗mK∗φ
K∗
1 (e
(λ)
µ qν + e
(λ)
ν qµ) . (6)
In this paper we analyse the consequences of an exact operator identity that relates the
divergence of Oµν with a quark-antiquark-gluon operator
∂µOµν = 2i u¯igGνµγ
µs−
i
2
(ms −mu)∂
µu¯σµνs− i(m
2
s −m
2
u)u¯γνs−
1
4
(mu +ms)∂ν u¯s (7)
where we omitted terms that vanish by virtue of QCD equations of motion. The derivation
of (7) is straightforward. Note that the quark-antiquark-gluon operator gets mixed with
the other operators on the r.h.s. of (7) upon renormalization. This mixing is triangular
and such that the sum of terms on the r.h.s. of (7) is renormalized multiplicatively with
the anomalous dimension of Oµν . Taking the matrix element between the vacuum and the
K∗-meson state and using standard notations
〈0|u¯γνs|K
∗(q, λ)〉=e(λ)ν fK∗mK∗ ,
〈0|u¯σµνs|K
∗(q, λ)〉=i(e(λ)µ qν − e
(λ)
ν qµ)f
⊥
K∗ (8)
we obtain an exact relation
φK
∗
1 = −4κ
K∗
4 −
ms −mu
mK∗
f⊥K∗
fK∗
+ 2
m2s −m
2
u
m2K∗
(9)
3
where we have introduced a new coupling κK
∗
4 by the matrix element
〈0|u¯igGνµγ
µs|K∗(q, λ)〉 = e(λ)ν fK∗m
3
K∗κ
K∗
4 . (10)
The last term on the r.h.s. of (7) does not contribute. Note that for massless quarks the
quark-gluon operator in (10) has exotic quantum numbers JPC = 1−+ and indeed it was
used for studies of quark-antiquark-gluon states in Refs. [11]. It follows that the matrix
element in (10) is in general first order in the SU(3) breaking, κK
∗
4 = O(ms).
Since the quark masses and the couplings in (8) are relatively well known, the identity
in (9) establishes a relation between the SU(3) breaking in momentum fractions carried by
the quark and the antiquark in the K∗ meson and the quark-antiquark-gluon Fock state
admixture in the wave function. In the remainder of this work we analyze the consequence
of this relation and a similar identity for the DA of the pseudoscalar K meson that we
derive later on. In particular, we will argue that using Eq. (9) one can write down more
accurate QCD sum rules.
As the first step, however, let us discuss this relation in the context of a simple non-
relativistic quark model. The operator relation (7) remains true with the substitution of
QCD quark operators and current quark masses by the effective constituent quark fields
u¯ → U¯ , s → S and constituent quark masses mu → MU , ms → MS, respectively. The
matrix element of the operator built of constituent quark fields and a gluon (quark model
analogue of κK
∗
4 ) vanishes by assumption, and in the nonrelativistic limit also fK∗ = f
⊥
K∗.
We further assume MS+MU ≃ mK∗ andMS−MU ≃ ms−mu ≃ ms. Eq. (9) in this limit
becomes
φK
∗
1 = −
Ms −Mu
mK∗
+ 2
M2S −M
2
U
m2K∗
= +
Ms −Mu
mK∗
∼
ms
mK∗
∼ 0.15 (11)
which is the expected result: the momentum fractions of the quark and the antiquark are
proportional to their masses. Note that the term linear in MS gives the same number
but with a negative sign, and the sign is corrected by the contribution of the last term
∼ M2S − M
2
U which in the quark model is first order in the SU(3) breaking parameter
(MS −MU)/(MS +MU). Going back to QCD the situation changes drastically. In this
case the third, last term in Eq. (9) is second order in the SU(3) breaking and its role is
overtaken by the quark-antiquark-gluon matrix element which, in this sense, corresponds
to the contribution of gluons ‘hidden’ inside the constituent quarks. Other way around,
the role of gluon degrees of freedom is overtaken in the quark model by the constituent
quark mass. From this equivalence we obtain, in (the simplest version of) the quark model
κK
∗
4
∣∣∣
QM
= −
1
2
ms
mK∗
∼ −0.07 +O(m2s/m
2
K∗) (12)
The QCD sum rule calculation of this quantity gives instead
κK
∗
4
∣∣∣
SR
= −(0.050± 0.0010) (13)
at the scale 1 GeV, which is comparable. This calculation is rather technical and presented
in detail in Appendix A where we also elaborate on the difference of this sum rule to the
one considered in [4]. Combining this result with ms(1 GeV) ≃ 130 MeV and the estimate
4
f⊥K∗/fK∗ ≃ 0.8 supported by both QCD sum rules [8] and lattice calculations [12, 13], we
obtain (at 1 GeV)
φK
∗
1 = 0.06± 0.04 , a
K∗
1 = 0.10± 0.07 , (14)
i.e. smaller than in quark model, but still of positive sign. In this estimate we have
discarded the constribution of the last, third term in (9) because it is O(m2s) while the
sum rules are written to the O(ms) accuracy only. Numerically this omitted contribution
is 2m2s/m
2
K∗ = +0.043 which is rather large in view of the small number in (14) and, if
added, brings our result closer to the quark model:
φK
∗
1 = 0.10± 0.05 , a
K∗
1 = 0.17± 0.08 . (15)
III. PSEUDOSCALAR K MESON
The same method can be used for pseudoscalar mesons. The leading-twist K meson
DA is defined as
〈0|u¯(−αn) 6n γ5s(αn)|K(q)〉 = ifK(q · n)
1∫
0
du e−iqnα(2u−1)φK(u, µ
2) , (16)
and its first moment which quantifies the asymmetry of φK(u, µ
2) is given by the matrix
element
〈0|u¯ 6nγ5i
↔
D ·n s|K(q)〉 = ifK(q · n)
2φK1 , φ
K
1 (µ) =
1∫
0
du (2u− 1)φK(u, µ
2) . (17)
Following the same procedure as above we introduce the symmetric and traceless operator
O5µν =
1
2
u¯γµγ5 i
↔
Dν s+
1
2
u¯γνγ5 i
↔
Dµ s−
1
4
gµν u¯ i 6
↔
Dγ5 s (18)
so that
〈0|O5µν|K(q)〉 = ifKφ
K
1
[
qµqν −
1
4
m2Kgµν
]
. (19)
The divergence of O5µν is easily calculated to be
∂µO5µν = 2i u¯igGνµγ
µγ5s+
i
2
(ms+mu)∂
µu¯σµνγ5s−i(m
2
s−m
2
u)u¯γνγ5s−
1
4
(mu−ms)∂ν u¯γ5s .
(20)
Using the standard defintions
〈0|u¯γνγ5s|K(q)〉 = ifKqν , 〈0|u¯iγ5s|K(q)〉 =
fKm
2
K
mu +ms
, (21)
and introducing the notation for the quark-antiquark-gluon coupling
〈0|u¯igGνµγ
µγ5s|K(q)〉 = ifKqνm
2
Kκ
K
4 , (22)
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we obtain the identity
3
2
φK1 = −4κ
K
4 + 2
m2s −m
2
u
m2K
−
1
2
ms −mu
ms +mu
. (23)
Note that the operator with the σ-matrix on the r.h.s. of (20) does not contribute.
Although this relation looks similar to the one for vector mesons (9), the counting of
the SU(3)-breaking is different since m2K ∼ O(ms). By inspection one finds that in the
chiral limit of Eq. (23) the first and the third term on the r.h.s. are of order one, while
the remaining contributions are O(ms). It follows that the two large terms have to cancel
against each other so that the quark-antiquark-gluon matrix element can be calculated
exactly in this limit
κK4 = −
1
8
+ O(ms) . (24)
The expression in (24) presents one of the main results of this paper.
The cancellation between the first and the third contribution on the r.h.s. of Eq. (23)
in the chiral limit implies that this relation is less useful for the stated purpose of the
determination of φK1 since to this end the quark-antiquark-gluon matrix element in (22)
has to be calculated to second order in the SU(3) breaking, alias first order for κK4 . On
the other hand, the result in (24) is of considerable interest by itself. It turns out that the
existing estimates of chiral symmetry breaking in the quark-gluon condensate
δ5 = 1−
〈s¯σgGs〉
〈u¯σgGu〉
(25)
largely rely on the comparison of different QCD sum rule predictions for this coupling
[14, 15, 16], and knowledge of the exact value in the chiral limit provides an important
consistency check. The corresponding sum rules are considered in Appendix B. When com-
bined with similar sum rules for the vector channel (Appendix A), we obtain an updated
estimate for this important parameter
δ5 = 0.15± 0.1 (26)
which is of general interest to QCD sum rule practitioneers. With a partial taking into
account of higher-order effects in the SU(3) breaking that are encoded in the particle
spectra and physical (measured) values of the decay constants, we further obtain
κK4
∣∣∣
SR
= −(0.11± 0.03) . (27)
This number coincides within errors with the result in the SU(3) limit and leads to the
value of the first moment
φK1 = 0.06± 0.07 , a
K
1 = 0.10± 0.12 , (28)
which is positive but small and has a large uncertainty.
6
IV. CONCLUSIONS
In this paper we have analysed consequences of exact operator identities that relate
the difference in momentum fraction carried by strange and nonstrange quarks in K and
K∗ mesons to matrix elements of certain quark-antiquark-gluon operators. Our results
essentially support the quark model picture in which heavier consituents carry a larger
momentum fraction, but also suggest that this pattern may change when going over from
heavy to light mesons. It would be very interesting to check the quark mass dependence
using lattice calculations. The SU(3) breaking quark gluon matrix elements that are
estimated in this work are interesting in their own right and, in particular, they define
SU(3) breaking contributions to twist-four meson DAs [9, 10]. A detailed study of SU(3)
breaking in higher-twist DAs goes beyond the tasks of this work. We note, however, that in
several cases such contributions have lower conformal spin compared to SU(3)-symmetric
contributions and correspond to the “true” asymptotic distributions at large scales. They
can have significant effect on the SU(3) breaking in heavy meson decay form factors.
The numerical estimates reported in this work have been obtained by the analysis of four
different QCD sum rules for the correlation functions of relevant quark-gluon operators
with suitable currents. It is important to stress that all four sum rules are consistent with
one another, and we also explained why the sum rule derived in [4] cannot be used. This
sum rule presents an example of the so-called “nondiagonal” sum rules, with different
chiral structure of the two participating currents, and it is claimed sometimes that these
are notoriously unreliable. We do not think that such a general conclusion is warranted;
rather one has to analyze the sum rules case by case, and conclusions can vary.
Note added
When this paper was in writing, the work [17] appeared where the authors consider
sum rules for the K-meson DA and arrive to similar conclusions. Our method is, however,
different so that the two studies complement each other.
V. APPENDIX A
For the discussion of the difference of our results with the sum rules considered in [4]
we need the following three correlation functions:
i
∫
d4ye−iqy〈0|T{Oµν(0)s¯(y)σαβu(y)}|0〉 = i[qµqαgβν+qνqαgβµ−qµqβgαν−qνqβgαµ]W (q
2) ,
(29)
i
∫
d4ye−iqy〈0|T{∂µ(u¯(0)σµns(0))s(y)σαnu(y)}|0〉 = −i(qn)nαΠ(q
2) , (30)
where we used a shorthand notation σµn ≡ σµνn
ν etc., and
i
∫
d4ye−iqy〈0|T{u¯(0)igGµνγ
νs(0)s¯(y)σαβu(y)}|0〉 = i[qβgµα − qαgµβ]Π
(σ)
G (q
2) . (31)
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The operator identity in Eq. (7) implies the relation between the correlation functions
2q2W (q2) = 4Π
(σ)
G (q
2) +msΠ(q
2) + contact terms +O(m2s) (32)
which provides one with a nontrivial check if all the three functions are computed indepen-
dently. The contact terms ∼ 〈q¯q〉 can easily be calculated but are of no interest for what
follows since they are eliminated by the subsequent Borel transformation. The operator
product expansion (OPE) for W (q2) reads
2W (q2)=−
ms
8pi2
ln
−q2
µ2
[
1 +
αs
3pi
(
11 +
1
3
ln
−q2
µ2
)]
+
〈u¯u〉 − 〈s¯s〉
q2
[
−1 +
20
9
αs
pi
(
5
3
− ln
−q2
µ2
)]
−
ms
q4
〈αs
pi
G2
〉(
−
19
24
+
1
2
ln
−q2
µ2
)
−
〈u¯σgGu〉 − 〈s¯σgGs〉
q4
+ 0 ·
1
q6
msαs〈q¯q〉
2 + . . . (33)
This expansion can be extracted from the expressions given in [4] apart from the con-
tribution of the gluon condensate and the four-quark condensate 〈q¯q〉2 which are new
results. In the latter case the usual vacuum factorization approximation has been used.
The leading-order quark condensate contribution in (33) corresponds to the contact term
in (32). Since the correlation function Π(q2) enters Eq. (32) multiplied by ms, we only
need its OPE in the SU(3) symmetry limit which is well known [8, 18]
Π(q2)=−
1
8pi2
q2 ln
−q2
µ2
[
1 +
αs
3pi
(
7
3
+ ln
−q2
µ2
)]
−
1
24q2
〈αs
pi
G2
〉
+
208pi
81q4
αs〈q¯q〉
2 + . . . (34)
Finally, we obtain by explicit calculation
Π
(σ)
G (q
2)=−
msαs
144pi3
q2 ln
−q2
µ2
(
13− ln
−q2
µ2
)
−
5
9
αs
pi
(〈u¯u〉 − 〈s¯s〉) ln
−q2
µ2
−
1
4
〈u¯σgGu〉 − 〈s¯σgGs〉
q2
+
ms
8q2
〈αs
pi
G2
〉[5
3
− ln
−q2
µ2
]
−
52pi
81q4
msαs〈q¯q〉
2 + . . . (35)
In all cases µ is the MS normalization scale and αs = αs(µ). Note that the scale dependence
of the gluon condensate contribution corresponds to an infrared divergence which occurs
due to the mixing of the operators s¯σgGs and msG
2. We have checked that the identity in
8
Eq. (32) is satisfied for perturbation theory, quark condensate and the mixed quark gluon
condensate contributions, and we used this relation to calculate the contributions of the
gluon condensate and the four-quark condensate to W (q2), see Eq. (33).
In addition, we have calculated the correlation function of the relevant quark-antiquark-
gluon operator with the vector current
i
∫
d4ye−iqy〈0|T{u¯(0)igGµνγ
νs(0)s¯(y)γαu(y)}|0〉 = gµαΠ
(v)
G (q
2) +O(qµqα) , (36)
Π
(v)
G (q
2)=
msαs
3pi
[
5
3
〈u¯u〉+ 〈s¯s〉
]
ln
−q2
µ2
+
ms
4q2
〈u¯σgGu〉+
ms
12q2
〈s¯σgGs〉
−
8piαs
27q2
[〈u¯u〉2 − 〈s¯s〉2]. (37)
In this case contributions of the perturbation theory and of the gluon condensate are of
order O(m2s) and they were omitted.
The sum rules are constructed in a usual way, equating the OPE to the contribution
of the lowest intermediate state (K∗-meson) for the intermediate region of q2, making
the Borel transformation and substracting the continuum contribution above a certain
threshold s0. We obtain
fK∗f
⊥
K∗mK∗φ
K∗
1 e
−m2
K∗
/M2=−
ms
8pi2
∫ s0
0
ds e−s/M
2
[
1 +
αs
3pi
(
11 +
2
3
ln
s
µ2
)]
− (〈u¯u〉 − 〈s¯s〉)
[
1−
20
9
αs
pi
(
5
3
+ γE − ln
M2
µ2
+
∫
∞
s0
ds
s
e−s/M
2
)]
+
〈u¯σgGu〉 − 〈s¯σgGs〉
M2
+
ms
2M2
〈αs
pi
G2
〉 [
−
7
12
− γE + ln
M2
µ2
+M2
∫
∞
s0
ds
s2
e−s/M
2
]
,(38)
fK∗f
⊥
K∗m
3
K∗(−4κ
K∗
4 )e
−m2
K∗
/M2=−
msαs
9pi3
∫ s0
0
ds s e−s/M
2
[
13
4
−
1
2
ln
s
µ2
]
−
20
9
αs
pi
(〈u¯u〉 − 〈s¯s〉)
∫ s0
0
ds e−s/M
2
− (〈u¯σgGu〉 − 〈s¯σgGs〉)
−
ms
2
〈αs
pi
G2
〉[
−
5
3
− γE + ln
M2
µ2
−
∫
∞
s0
ds
s
e−s/M
2
]
+
208pi
81M2
msαs〈q¯q〉
2 , (39)
f 2K∗m
4
K∗(−4κ
K∗
4 )e
−m2
K∗
/M2=−
32αs
9pi
ms〈q¯q〉
∫ s0
0
ds e−s/M
2
−
4
3
ms〈q¯σgGq〉
+
32piαs
27
[〈u¯u〉2 − 〈s¯s〉2], (40)
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from the correlation functions W (q2), Π
(σ)
G (q
2) and Π
(v)
G (q
2) respectively. M2 is the Borel
parameter. We use the notation 〈q¯q〉 and 〈q¯σgGq〉 for the condensates in case that distin-
guishing between strange and non-strange quarks is beyond our accuracy.
First, let us discuss the general structure of the sum rules in some detail. The first
of them, Eq. (38), is essentially the sum rule considered in Ref. [4], apart from a new
contribution of the gluon condensate which is numerically not very significant. The two
leading-order contributions to this sum rule, the perturbation theory and the quark con-
densate, have opposite sign and tend to cancel each other almost exactly. It is this un-
pleasant cancellation that motivated the present study and indeed we see that the both
contributions are absent in the sum rule (39) in which case all terms include the strong
coupling. The use of the operator identity in (7) allows to include these contributions,
effectively, in the second term on the r.h.s. of the relation (9). Inspection of Eq. (39) shows
that in this sum rule all terms have the same positive sign with the only exception for the
αs perturbative correction, which is negative. Since there are no large cancellations, we
expect the sum rule (39) is more reliable. In addition, we observe that the perturbative
correction ∼ O(αs) to the quark condensate contribution in the sum rule (38) amounts
to nearly 80% of the leading-order contribution. Since the similar correction to mixed
quark-gluon condensate has not been calculated, this results in an artificial, as we think,
suppression of the (positive) quark condensate contribution compared to the (negative)
contribution of the mixed condensate. We believe that in such a situation neglecting the
∼ O(αs) corrections to the condensates altogether would be a better option. As far as the
sum rule in (39) is concerned, its biggest drawback is probably the strong sensitivity to
the SU(3) symmetry breaking in mixed quark-gluon condensate, which is not well known.
Hence this sum rule can be reliable but probably has poor accuracy. For this reason we
also consider an alternative sum rule for the same quantity, Eq. (40), in which case the
structure of the OPE is very different. Comparing the sum rules in (39) and (40) we can
judge upon the consistency of our approach.
After these preliminary remarks, we proceed to the numerical analysis and have to
specify values of the sum rule parameters as the first step. The status of the strange quark
mass determinations is at present rather controversial. While QCD sum rules and older
lattice calculations obtain values in the range ms(2 GeV) ∼ 100− 110 MeV, see e.g. [19],
some new lattice studies [20] favor much smaller values of order ms(2 GeV) ∼ 80 MeV.
For the numerical analysis in this work we adopt
ms(1GeV) = 130± 20 MeV (41)
which corresponds toms(2GeV) = 100±15 MeV. For the other entries we use αs(1 GeV) =
0.5, fK∗ = 220 MeV, f
⊥
K∗/fK∗ = 0.8 [12, 13], s
K∗
0 = 1.8 GeV
2 and the vacuum condensates
〈u¯u〉 = −(240 MeV)3,
〈
αs
pi
G2
〉
= 0.012 GeV4, 〈u¯σgGu〉 = m20〈u¯u〉 with m
2
0 = 0.8 GeV
2,
〈s¯s〉 = 0.8〈u¯u〉, and 〈s¯σgGs〉 = (1 − δ5)〈u¯σgGu〉 where we vary δ5 in the range δ5 =
0.2± 0.2.
The results for the quark-antiquark-gluon matrix element κK
∗
4 from the sum rules (39)
and (40) as a function of the Borel parameter are shown in Fig. 1. The solid curve
corresponds to the sum rule in (39), whereas the three dashed curves (from top to bottom)
are obtained from the sum rule (39) using δ5 = 0, 0.1 and 0.2, respectively. We observe
a reasonable agreement between the two sum rules, which is non-trivial since they are
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FIG. 1: The quark-antiquark-gluon mattrix element κK
∗
4 from the sum rules (40) (solid red
curve) and (39) (dashed blue curves) as a function of the Borel parameter. The three dashed
curves are obtained using δ5 = 0, 0.1 and 0.2 from top to bottom, respectively.
very different. The sum rule in (40) appears to be significantly more stable than that in
(39) and also less sensitive to variations of the sum rule parameters. We, therefore, use
this sum rule for the final estimate of κK
∗
4 quoted in (13). Imposing the requirement that
the two sum rules agree identically, we can determine the value of the SU(3) breaking
parameter δ5 ≃ 0.05, which is within the commonly accepted range. We will return to the
discussion of this parameter in Appendix B.
One may try to improve the stability of the sum rules by adding the contribution
of a second resonance on the phenomenological side, with the mass of order 1300–1400
MeV. In this way, both sum rules can be made perfectly stable and the estimate for the
absolute value of κK
∗
4 gets increased by ca. 30–50%. This increase, however, can well be an
artifact of neglecting higher power corrections in the OPE. In particular, one should not
be mislead by the smallness of the 1/M2 correction to (39) that is due to the contribution
of four-fermion operators. This correction is very likely to be dominated by contributions
∼ 〈q¯G2q〉 and ∼ ms〈G
3〉 which are not taken into account. Because of this uncertainty,
we prefer to stay with the one-resonance fits in the present case.
The results for the asymmetry parameter φK
∗
1 obtained from the sum rule (38) on one
hand, and from the sum rules (39) and (40) with the help of the identity (9) on the other
hand are shown in Fig. 2 as a function of the Borel parameter. In this comparison we
discard the last third term O(m2s) in (9) because the sum rules are written to the O(ms)
accuracy only. We see that the both sum rules suggested in this work, (39) and (40),
support a small and positive value of φK
∗
1 which is consistent with the intuition inherited
from quark models but contradicts the sum rule (38). As explained above, this sum rule
suffers from large cancellations. It is not reliable and has to be discarded.
VI. APPENDIX B
In this Appendix we consider the set of QCD sum rules that are relevant for the K-
meson. Our aim here is to estimate the O(ms) corrections to the result in (24) and present
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FIG. 2: The asymmetry parameter φK
∗
1 obtained from the sum rule (38) [4] (black dots), and
from the sum rules (40) (solid red curve) and (39) (dashed blue curves) complemented with the
identity (9), as a function of the Borel parameter. The three dashed curves corresponding to
the sum rule in (39) are obtained using the values δ5 = 0, 0.1 and 0.2 from bottom to top,
respectively.
an update for the SU(3) breaking parameter δ5 for the mixed quark-gluon condensate (25).
To this end, following [14, 15, 16], we consider the correlation functions:
i
∫
d4ye−iqy〈0|T{u¯(0)igGµνγ
νγ5s(0)s¯(y)γαγ5u(y)}|0〉 = gµαΠ
(a)
G,1(q
2) + qµqαΠ
(a)
G,2(q
2) (42)
and
i
∫
d4ye−iqy〈0|T{u¯(0)igGµνγ
νγ5s(0)s¯(y)iγ5u(y)}|0〉 = iqµΠ
(p)
G (q
2) (43)
The operator product expansion for the three invariant functions introduced above reads
Π
(a)
1,G(q
2)=−
msαs
3pi
[
5
3
〈u¯u〉 − 〈s¯s〉
]
ln
−q2
µ2
−
ms
4q2
〈u¯σgGu〉+
ms
12q2
〈s¯σgGs〉
−
8piαs
27q2
[〈u¯u〉2 − 〈s¯s〉2],
Π
(a)
2,G(q
2)=+
2msαs
9piq2
〈u¯u〉
[
1
3
+ ln
−q2
µ2
]
−
10msαs
9piq2
〈s¯s〉+
ms
6q4
〈s¯σgGs〉
+
8piαs
27q4
[〈u¯u〉2 − 〈s¯s〉2],
Π
(p)
G (q
2)=−
msαs
48pi3
q2
[
ln2
−q2
µ2
− ln
−q2
µ2
]
−
αs
3pi
[〈u¯u〉 − 〈s¯s〉] ln
−q2
µ2
−
1
4q2
[〈u¯σgGu〉 − 〈s¯σgGs〉] +
ms
8q2
〈αs
pi
G2
〉[
1− ln
−q2
µ2
]
+
4piαsms
27q4
[
3〈u¯u〉2 + 〈s¯s〉2 − 9〈u¯u〉〈s¯s〉
]
. (44)
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Our expressions agree with the results of [16]. In particular the sign of the perturbative
contribution to the pseudoscalar correlation function is different from that in [15]. In
this calculation we have not included corrections ∼ m2s. Experience of QCD sum rule
calculations shows that such corrections are tiny and do not influence the results.
Next, we write down the sum rules in which we saturate the phenomenological side by
the K-meson in Π
(p)
G (q
2), K1(1270) in Π
(a)
1,G(q
2), and both K and K1(1270) in Π
(a)
2,G(q
2).
The contribution of the K1 meson is written in terms of the couplings
〈0|u¯γνγ5s|K1(q, λ)〉=e
(λ)
ν fK1mK1 ,
〈0|u¯igGνµγ
µγ5s|K1(q, λ)〉=e
(λ)
ν fK1m
3
K1κ
K1
4 . (45)
Note that the continuum thresholds, in general, have to be chosen differently for the three
cases. We obtain the sum rules:
−f 2K1m
4
K1
κK14 e
−m2
K1
/M2 =
=
msαs
3pi
[
5
3
〈u¯u〉 − 〈s¯s〉
] ∫ s01
0
ds e−s/M
2
+
ms
4
〈u¯σgGu〉 −
ms
12
〈s¯σgGs〉
+
8piαs
27
[〈u¯u〉2 − 〈s¯s〉2], (46)
f 2Km
2
Kκ
K
4 e
−m2
K
/M2 + f 2K1m
2
K1κ
K1
4 e
−m2
K1
/M2 =
=
2msαs
9pi
〈u¯u〉
[
−
1
3
+ γE − ln
M2
µ2
+
∫
∞
s02
ds
s
e−s/M
2
]
+
10msαs
9pi
〈s¯s〉+
ms
6M2
〈s¯σgGs〉
+
8piαs
27M2
[〈u¯u〉2 − 〈s¯s〉2], (47)
f 2Km
4
K
mu +ms
κK4 e
−m2
K
/M2 =
=−
msαs
48pi3
∫ s03
0
ds s e−s/M
2
[
1− 2 ln
s
µ2
]
+
αs
3pi
[〈u¯u〉 − 〈s¯s〉]
∫ s03
0
ds e−s/M
2
+
1
4
[〈u¯σgGu〉 − 〈s¯σgGs〉] +
ms
8
〈αs
pi
G2
〉[
−1− γE + ln
M2
µ2
−
∫
∞
s03
ds
s
e−s/M
2
]
+
4piαsms
27M2
[
3〈u¯u〉2 + 〈s¯s〉2 − 9〈u¯u〉〈s¯s〉
]
. (48)
One finds by inspection that all three sum rules are dominated by the contributions of the
mixed quark-gluon condensate. The pseudoscalar sum rule in Eq. (48) is very sensitive to
the SU(3) breaking in the mixed condensate, whereas for the other two sum rules this effect
is marginal. One also finds that the sum rules are only very weakly sensitive to the values
of the continuum thresholds, so we accept s01 = s02 = 1.8 GeV
2 and s03 = 1.05 GeV
2. We
also use the range of Borel parameters 1 < M2 < 2 GeV2 in all cases.
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FIG. 3: Left panel: The quark-antiquark-gluon coupling κK4 from the sum rules (47) (solid red
curves) and (48) (dashed blue curves) for three different values of δ5 as a function of the Borel
parameter. The exact value κK4 = −0.125 in the SU(3) symmetry limit (24) is shown by dots
for comparison. Right panel: The same, but neglecting the K1-meson contribution in the sum
rule (47).
Next, we adopt the following procedure. On one hand, we use the pseudoscalar sum
rule (48) to calculate the coupling κK4 as a function of the Borel parameter M
2 for three
different values δ5 = 0.1, 0.2, 0.3. On the other hand, we use the sum rule in (46) to get
an estimate for the relevant product of couplings of the K1 meson:
f 2K1κ
K1
4 =
(
0.36+0.22
−0.08
)
· 10−3 GeV3 (49)
and then substitute this number in the sum rule (47) which we, again, evaluate for three
different values of δ5. The results are shown in Fig. 3, left panel. For illustration, we
also show (right panel) the results obtained by neglecting the K1 meson contribution to
the axial-vector sum rule (47). Note that this contribution has opposite sign κK14 > 0
compared to that of the K-meson: κK4 < 0.
From Fig. 3 we conclude that the axial vector and the pseudoscalar sum rules prove to
be in a very good agreement with each other, provided one uses the standard values of the
sum rule parameters and in particular δ5 = 0.2. The choice of m
2
0 = 〈q¯σgGq〉/〈q¯q〉 and the
strange quark mass within the accepted range does not have significant influence on the
preferred value of δ5. On the other hand, the value of δ5 turns out to be correlated with
δ3 = 1−〈s¯s〉/〈u¯u〉. Taking δ3 = 0, 0.2, 0.4 one obtains the best agreement between the sum
rules for δ5 = 0.3, 0.2, 0.1, respectively. These values are somewhat larger than the estimate
δ5 ≃ 0.05 obtained in Appendix A from the comparison of chirality-breaking vector-
vector and vector-tensor correlation function, and we believe that the present analysis is
more reliable. The reason for this is that in the present case the sum rules appear to
be more stable and, more importantly, we can make two-resonance fits taking advantage
to determine the K1 contributions from a separate sum rule (48) rather than relying on
the requirement of stability. Note that the one-resonance fit to the axial vector sum rule,
which is similar to our fits in Appendix A, also tends to support a smaller value δ5 ∼ 0.1,
see the right panel in Fig. 3. We give the “weighted” average of the estimates from the
both channels as our final result in Eq. (26).
The coupling κK4 calculated from the sum rules using experimental values for fK and
14
mK turns out to be somewhat smaller (in absolute value) than the corresponding result
κK4 = −0.125 in the chiral limit, see Fig. 3, and is mostly affected by the value of m
2
0. Our
final result for κK4 is given in Eq. (27), see text.
[1] R. Fleischer, Phys. Rept. 370 (2002) 537 [hep-ph/0207108].
[2] M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, Nucl. Phys. B 606 (2001) 245
[hep-ph/0104110].
[3] V. M. Belyaev, A. Khodjamirian and R. Ruckl, Z. Phys. C 60 (1993) 349 [hep-ph/9305348];
A. Ali, V. M. Braun and H. Simma, Z. Phys. C 63 (1994) 437 [hep-ph/9401277];
P. Ball, JHEP 9809 (1998) 005 [hep-ph/9802394];
P. Ball and V. M. Braun, Phys. Rev. D 58 (1998) 094016 [hep-ph/9805422];
A. Khodjamirian, T. Mannel and M. Melcher, Phys. Rev. D 68 (2003) 114007
[hep-ph/0308297];
P. Ball and R. Zwicky, hep-ph/0406232.
[4] P. Ball and M. Boglione, Phys. Rev. D 68 (2003) 094006 [hep-ph/0307337].
[5] A. V. Kolesnichenko, Yad. Fiz. 39 (1984) 1527.
[6] M. Neubert, Phys. Lett. B 322 (1994) 419 [hep-ph/9311232].
[7] V. L. Chernyak and A. R. Zhitnitsky, Phys. Rept. 112 (1984) 173.
[8] P. Ball and V. M. Braun, Phys. Rev. D 54 (1996) 2182 [hep-ph/9602323].
[9] P. Ball, V. M. Braun, Y. Koike and K. Tanaka, Nucl. Phys. B 529 (1998) 323
[hep-ph/9802299].
[10] P. Ball and V. M. Braun, Nucl. Phys. B 543 (1999) 201 [hep-ph/9810475].
[11] I. I. Balitsky, D. Diakonov and A. V. Yung, Phys. Lett. B 112 (1982) 71; Z. Phys. C 33
(1986) 265.
[12] D. Becirevic, V. Lubicz, F. Mescia and C. Tarantino, JHEP 0305 (2003) 007
[hep-lat/0301020].
[13] V. M. Braun, T. Burch, C. Gattringer, M. Gockeler, G. Lacagnina, S. Schaefer and
A. Schafer, Phys. Rev. D 68 (2003) 054501 [hep-lat/0306006].
[14] V. M. Khatsimovsky, I. B. Khriplovich and A. R. Zhitnitsky, Z. Phys. C 36 (1987) 455.
[15] M. Beneke and H. G. Dosch, Phys. Lett. B 284 (1992) 116.
[16] K. Aladashvili and M. Margvelashvili, Phys. Lett. B 372 (1996) 299 [hep-ph/9512261].
[17] A. Khodjamirian, T. Mannel and M. Melcher, hep-ph/0407226.
[18] L. J. Reinders, H. Rubinstein and S. Yazaki, Phys. Rept. 127 (1985) 1;
J. Govaerts, L. J. Reinders, F. de Viron and J. Weyers, Nucl. Phys. B 283 (1987) 706.
[19] M. Jamin, J. A. Oller and A. Pich, Eur. Phys. J. C 24 (2002) 237 [hep-ph/0110194];
E. Gamiz, M. Jamin, A. Pich, J. Prades and F. Schwab, JHEP 0301 (2003) 060
[hep-ph/0212230].
[20] C. Aubin et al. [HPQCD Collaboration], hep-lat/0405022.
15
